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Abstract - Among mobile systems which are being
implemented more generally to the measuring practic
such as coordinate measuring arms (CMA), therdasla
not only commonly accepted methods of accuracy
assessment but also procedures to determine theaagc
of any realized measurement, what is particularly
important and expected by industry. According te th
authors application of simulation using virtual CMA
would be the effective solution. In this articlestmodel
of kinematic, metrological CMA elaborated in Labtory
of Coordinate Metrology in Cracow University of
Technology and its research verification in relatto the
real CMA were described. Thanks to such elaborated
model, there is a possibility to elaborate virtoedasuring
arm, which should comprise not only elaborated
kinematic, metrological model but also applicatioh
metrological software in order that the assessnunt
uncertainty of realized measurement in real andiepaal
time be possible.

Keywords: Coordinate Measuring Arms (CMA), Model,
Kinematics.

1. INTRODUCTION

Development of coordinate metrology means not
only new measuring systems but also new methods of
assessment of uncertainty of realized measureménts.
of the most promising method is application of warf
measuring systems working in time closed to time of
realization of a typical task and giving the unaity of
measurement together with the result of measuremaent
case of manual measuring systems such as CMA ogrryi
out this task is difficult because the systemsradeindant
and their kinematics has a nature of open chaipatipd
by rotational, kinematic pairs. However using the
knowledge about manipulators and metrological rebot
the idea to elaborate this model arose in Laboyatdr
Coordinate Metrology in Cracow University of
Technology [3] and [1,2,3,7]. The base of acceded is
kinematic description of CMA, thanks to which these
possible to change the space of configurated coates
to the space of Cartesian coordinates in accordestbe
Denavit-Hanterberg  notation. This  notation  of
determination of kinematics consists in connectimzal
coordinate system with each joint, and than spexifyhe
sequence of transformation of next coordinate syste
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and leads to calculation of kinematics of deviceaas
connection of these transformations (Fig. 2).

Simple kinematic task consists in calculation of th
position and orientation of the working element &ots
the reference system of the base, for the givenobet
configurated coordinates. This task can be treated
mapping of description of the position of kinematitain
from the space of configurated coordinates to gaes of
Cartesian coordinates.

Reverse kinematic task consists in determination of
each possible sets of values of angular and linear
displacements (configurated coordinates) in moving
coonections, which enables CMA to achieve the thske
positions and orientations of the measuring pin.

If we accept, that coordinates obtained from the
calculation of the simple kinematic task are nonsireand
the coordinates red from the machine interfacetasked
points, we can carry out the kinematic analysibfA.
Thanks to that determined task we can simulate rk o
our device, study its errors and even generate the
uncertainty of measurement in quasi-real time.

Thanks to obtained data from kinematic descriptidn
CMA, the CMA was modeled in Catia v.5 in order to
display the results and verify the correctness ofkwof
the model quickly.

2. DESCRIPTION OF KINEMATICSOF CMA

2.1.Position vector

Assuming, that particular elements of CMA are stiff
solids, than their location in reference systemdscribed
with the help of their position and orientation. fidag
Cartesian coordinate reference systenxiy, the origin
of coordinates byD and unit vectors by j, k of the axes
X, Y, Z systemx’y’z’ was assigned to stiff solid with the
origin O’ andunit vectors’, j’, k.

Position of pointO’ towards the systemyz describes
position vector:

P =px + Py +PK, (1)

wherep, py, p;are its components along particular axes of
the reference system

P = [Px Py Pz (2)



2.2. Representation of rotation

To minimize the number of elements describing the
rotation, the representation of rotation was ingaetl.,
which uses less number of variables.

The rotation is represented by unit vector k osafi
rotation k, described in reference system xyz, raation
angle 6. In literature this method is known as the
representation axis/angle [2,5].

To determine the matrix resultant of the rotatiy(®)
it is presented as a connection of elementary iooisit
around axis of reference system, which we obtain by
making the following convert sequences towards
reference system xyz (in accordance with Fig. 1):

- Rotation about angley-around axis z, and than about
angle 4 around axis y (by this transformation vector
k become compatible with axis z).
k? (- cosb) + cosd
Rot(k,8) =| k.k, (L - cost) +k, sing

In practice we’ll be interested in determinatioh o
vectork and anglé when we have matrix of rotation R:

fy T I
R=|r, Ty T (6)
31 T3 [Ig3

and in accordance with [1] we have:

6= arccoEr11 Tl Tl _lj

2
M3 = Tp3
= i Mg =l (7)
2sind
PYR P

In a case of representation axis/angle, rotation is
described with the help of four parameters it meamge
and three components of versor of axis of rotatign

Fig.1 Rotation around optional axis

3. DIMENSIONING AND
REPRESENTATION OF CMMA

3.1. Notacja Denavita-Hartenberga
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- Rotation about anglé around axis z

- Rotation about anglg around axis y, and than about
angley around axig y (by this transformation vector
k gets original sense).

This sequence is described by the formula:
Rot(®)=R(6)=R(v)Ry(B)RAOR/(-B)RA-y)  (3)

The angleg andy are determined on the basis of the
components of unit vectée=[K,, k, k]

. k
siny=—%L— cosy=-—*
ki +ko k? +k?

sing = k; +k;

Final formula is:

k,k, (L-cosb) —k,sind kk, (L-cosh) +k, sinf
k (L-cos) +cosd
k.k,(L-cosf) -k, sind kKk,(1-cosb)+k,sind

k,k, (L—cosb) -k, sind | (5)
k?(L-cosb) + cosd

Coordinates of Denavit-Hartenberg are described by
four parametres®; — rotation around axisiz A\ —
displacement, stand-off distance along axis, Z4; —
distance of axis ;z, and z measured along common
perpendicular, it means axis x; — rotation angle,
beveling axis ztowards axis iz, as a rotation towards
axis ¥ (Fig.2). In a case of rotational pair, angdleis
variable, and stand-off distantgis constant [2,4,5].

Matrixes of homogeneous conversions, adequate to
specified paremetres, can be presented as a farmula

cosd sing 0 O
-sing, cosd 0 O
Az..6) = 0 0 10
0 0 01
1 00 O
010 O
(Z|—1' |) 0 0 1 _/1i
000 1
10 0 -1
0 1 0 O
A(Xi i) =
0 01 O
0 0 0 1
1 0 0 O
0 cosa;, sina; O
Al a) = .
0 -sing; cosa; O
0 0 0 1



By multiplication of these matrixes we obtain the
matrix of position and orientation which concert i
coordinate system to i-1 system.

co¥) -cosxsing  sinag;sing |, cod
A= sing  cosr,coy) -sina,cod |;sing | \wh
0 sing, cosx, A
0 0 0 1
ere (9)
, B
A'_l = P \Where
0 001

nix Oix ai><

B, =[ni 0 a'i]: Ny Oy &

niz oiz a'iz

o =[p. P, P[] where (10)

B;- matrix of orientation, j matrix of position [2,4]

Fig.2. Kinematic diagram CMA
3.2. Simple kinematic task

Simple kinematic task consists in calculation of
position and orientation of coordinate system (i+1)
towards reference system.

Using the definition of the matrix of homogeneous
transformation we write:

A= AAAL AT

3.3. Reverse kinematic task

(11)

This method is based on the equation (11). Left sid
of this equation shows the position and orientatibthe
measuring pin towards basic system and is tasked it
means we know the position and orientation of tdw in
the given moment. Right side is the product of the
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homogeneous matrixes multiplied from the base ofACM
to their measuring pin.

This task consists in determination of the geneedli
positions (means connections of particular degrees
freedom CMA) and is very difficult to realize besauhe
equations are nonlinear and it is hard to find gbkition
in clear form. In a case of CMA, which are redurtdan
systems, the solution can have infinitesimal langenber
of solutions.

4. DESCRIPTION OF THE
POSITION AND ORIENTATION

ERRORS OF

4.1. Error of position

Determination of error of position is expresseciy
formula:

Py =P P,

what is seen in Fig. 3a, where vectpit;J is the difference

(12)

between tasked vect&d ,and p tasked by the machine.

Fig.3a. Error of position
Fig.3b. Definition of error of orientation

4.2 Error of orientation

In case of determination of error of orientationg(F
3a) we can use a formula (11), and thanks to itcae
obtain matrix of orientation of tip of measuringnpi
towards basic system. It is necessary to find tienfla
to count over the errors of orientation it meang th
difference between the tasked and actual rotatlan.
general case to determine the rotation there isedl o
use three vectors n, o, a, defined in chapter 2.thé
formula (10). The tasked orientation will be markey
Rg, and actual by R. In our case we are able to olataly

vector N from the device (CMA), which is compatible
with the position of the measuring pin.

Error of orientation is calculated on the basis toé
formula (1):

e=ksinéd (13)

The way of determination the orientation presents
Figure 3b. [2,4]. In the figure, the basic coordina

system, vectorsnand N, . elementary vector k and
rotation angle® around him are marked. It is also
assumed, that vectora and Nhave the beginnings in
point O (Fig. 3a). The error need to be determintti



the help of matrixes of orientatiory&nd R. Because k is
elementary vector which determines the rotatiors,atkie
angle 0 is the equivalent rotation angle between the

systema 0 aandny 04 a4 ,that is between vector and
Ny . the error of orientation can be calculated witle t
help of the formula:

Rot (k,0) = Ry R (14)

This formula describes what conversion need to be
done to determine the coinciding the systems R Ryd
and in our case vectorfl i N, . To calculate this

conversion the right side of the formula need to be
determined (14), with the vectors in matrix fornx13 In
accordance with vectorial and matrix calculus, the

systems or vectors, to coincide, need to fulfil the
assumption:

R,R" =1 (15)
Marking tasked vector byn =lnx n, nzl, and
actual vector from the machine by

n, = [nxm Nym nzm], after multiplication we obtain

matrix (3x3).

NNy, NN, Nnn

X' 'zm
T _
nn, =/nn, nn_ nn, (16)
nznxm nznym nZan

Next step is presenting the formula (14) with tledph
of the formulas (5) — left side and (16) — rightlesi
Comparing the sum of the diagonal terms of the both
matrixes, and using the assumption:

kf+k?+kZ=1 17)

we obtain:

(@-cos)(k? +k +kZ)+3cosd =n,n, +nn, +nn,
(18a)
where after simplifying we have:

r]xnxm + nynym + nznzm -1

2
we subtruct the outdiagonal terms (1,2) and (2flthe
both matrixes and we obtain:

cosd =

(18b)

k,k, @-cosf) +k,sinf-k,k, (1-cosd) +k,sind =n,n,, —nn
(19a)

ym

where after simplifying we have:
nn,—nn
k,sing =" % (19b).

next we subtruct the outdiagonal terms (3,1) an8) @nd
we obtain:
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k,k,(1-cosf) +k, sind-k,k,(L-cosf) +k, sind=n,n, —nn
(19¢)

where after simplifying we have:

n.n
1 - X' 'zm Z Xm
ky singd = f
next we subtruct the outdiagonal terms (2,3) an#) (8f
the both matrixes and we obtain:

(19d).

k/k,(L—cosf) +k, sind -k k, (L-cosf) +k, sind =n,n, —nn,
(19e)
where after simplifying we have:

K sing = nzym = MyMam
X

2 (19f).
Korzystajc z zalenosci:
sin’@ +cos =1 (20)
we obtain:
sin@z\/l—%(nxnXm +n,n,,+nn,)?  (21).

After preliminary research and in accordance withwe
can state, that error of orientation is expressét the
help of rotation pseudo-vector and can be writtgrthe
formula:

k,sin@ 2 NNy, =N,n,, (22)
N , NN, =N,n 1
e=ksingd=|k, sing|=| =" =" | == nn, —nn,,
: 2 2
SO | My =ty | L7 = e
2

,what is wanted relationship in error of orientatihet’s
also notice, that angle limitations implicate fallag
conditions to scalar product'm,>0. Certainly, if the

vector N coincides with vectorn the error of
orientation equals 0.

m !

5. DETERMINATION OF KINEMATIC ERRORS

Computing the simple task we obtain not only the
matrix with informations about the orientation, kalso
the location of measuring pin. Thanks to Romosoft
software we are able to obtain directly not onlyctoee
compatible with measuring pin, but also coordinatey,

z and angles between particular parts of CMA.

5.1. Model WRP in CATIA V5

The best way to verify the correctness of the model
and compare it with the real object is model of a
measuring arm 3D built in program CATIA V5R17 in
module DMU Kinematics (Fig. 4).
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Fig.4.Photo of the real position of CMA and simathin
program Catia v5

Fig.5. Parametric model of CMA

As the model 3D was improved it became necessary

to rebuild simple model and widen its construction
order to give each component in coordinates D-Batia.

5.2. Error of position

On the basis of first three datas from GDS software

we can determine vectoPd, which will show the
characteristic point of the measuring tip CMA irologl
coordinate system. This error is very intuitive a&asby to
calculate, that's why it was used earlier to corimgathe

accuracy of the mathematical model in accordandh wi

indications od CMA. In order to calculate the eradr
position, which will show the CMA accuracy in arbity
configuration, it is necessary to determine theoreof
position for relatively large set of configuratiognough
dispersed in measuring space to be for it reprateat

Particular components of the error of position are

calculated on the basis of the solutions of sintpik in

Mathcad program among each registered configumtion

for the actual calibration of the arm. The resuli®
represented:
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Fig.5.
Fig.6 Graph of error of position

5.3. Error of orientation

Particular components of the error of orientatioa a

calculated on the basis of the solutions of sintpik in
Mathcad program among each registered configumtion
for the actual calibration of the arm. The resui®
represented:

Error of orientation
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Number of measurement

Fig.7. Graph of error of orientation (rhomb-varials|
square- variable y ,triangle- variable z, crossareof

orientation)

6. ASSESSMENT OF THE OBTAINED RESULTS

Error of orientation is small, from 0,000106 mm do
0,000687 mm FOR the particular axes (results
obtained from 29 measurements), for the device
which MPE is #0.035 mm, what is a satisfactory
result,

If vectors N and E coincide, the angle between

them equals 0 and the error of orientation alsabsqu
0,

Derived formula of error of orientation is basedyon
on directional vector of the measuring pin, nottio@
whole matrix as was earlier, what minimize the
number of variables in the formula,

Errors of position and orientation of CMA were
determined in 29 configurations, which took the
whole measuring space of the machine. Results
obtained from these configurations are contained in
MPE given by the producer.



7. CONCLUSIONS

Determination of the metrological model of CMA
consists in identifications of the kinematic errofhese
error can be simulated in accordance with kineraaic
manipulators. Moreover the essence of the problem i
coinciding the component errors on the basis onak
mathematical model, which determines the vector of
deviation for arbitrary point in measuring spaceCiMA
model.

In order to determine the error of orientation éhisra
need to find the conversion to be done because the
rotation obtained from the machine needs to comuiith
tasked rotation, calculated from simple task. Frima
software added by producer we can directly read the
vector compatible with the direction of measurinig, p
coordinates X, y, z, of measuring tip and also oeél
from encoders that are configurated coordinates.

On the basis of them we determined the algorithm of
simple task, where there is the information about
orientation of measuring pin and also the inforomati
about the position of the measuring tip and nexthis
research we found the configuration, thanks to tiie
obtained the same value of the tasked rotation and
obtained rotation.

3D model of a measuring arm built in program
CATIA V5R17 in module DMU Kinematics turned out
the best way to verify the correctness of kinematic
metrological model and compare it with the reakahj

Thanks to module DMU Kinematics quick
comparison of movements between model and real arm
and comparison between obtained and nominal otienta
became possible. Thanks to that, such sources ef th
biggest component errors were isolated that their
correction became possible.
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