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Abstract − It is described how to calibrate the kinematic 

parameters of a parallel CMMs, in this paper. The artefact 
which consists of spheres is selected as physical constraints 
for self-calibration. The kinematic calibration of the parallel 
CMM is performed using the artefact of two spheres.  The 
parallel CMM can measure a sphere in a lot of different 
orientations so that a lot of sensor information can be got at 
the identical location. If the number of sensor information is 
larger than that of whole parameters, e.g. the kinematic 
parameters and the orientation and location of stylus, the 
whole parameters can be self-calibrated without any 
information of artefacts. Two type of parallel CMMs are 
considered.  The model equation of CMMs and the 
allocation of spheres are discussed. Finally, best allocations 
of spheres are proved. 
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1.  INTRODUCTION 

The Coordinate Measuring Machines are widely used for 
measuring the machine parts. There are some types of 
CMMs. The first one is the Cartesian CMM. The Cartesian 
CMM consists of three rams, which corresponds to x-, y- 
and z-axis. The other type of CMM is the articulating arm. It 
has more than three movable joints and has more than three 
degree of freedom in movement. Therefore it can measure 
same points in a lot of different orientations. This type of 
CMM is also commercially available. The last one is a 
parallel type CMM. In this type of CMM the probing system 
is supported by the parallel mechanism. This type of CMM 
can also measure same points in a lot of different 
orientations.  

The articulating arm CMM is calibrated using the sphere 
as the artefact[1].  In the calibration, the centers of spheres 
are measured in some different orientations, so the number 
of location of spheres is reduced in the calibration of that 
less than in calibration of the Cartesian CMM. 

In limited condition, the parallel type of CMM can be 
calibrated by measuring a few centers of spheres in a lot of 
orientations[2]. 

In this article, the planar parallel type of CMM is 
calibrated using two spheres. In one method, the center 
locations of two spheres are calibrated. In the other method, 
the center locations of spheres are not known. The results of 

both methods are compared. It is shown shat the later 
method has possibility to calibrate the planar CMM.  

2.  PRINCIPLE 

The Cartesian CMM, the articulating arm CMM and the 
parallel CMM are calibrated by determining the actual 
values of the kinematic parameters. The articulating arm 
CMM and the parallel CMM have more degree of freedom 
than positioning of those in movement. As a result, these 
CMM can measure the same points in different orientations. 
When the position of stylus is constrained by the position of 
the artefact, some joints of these types CMM can be 
movable using redundant freedom in movement. This point 
is so different from the Cartesian type CMM, because the 
Cartesian type CMM has just three degree of freedom in 
movement.  

Therefore, when a point is measured, only one 
information is taken in the case of the Cartesian type CMM. 
Meanwhile, a lot of information is taken in the case of the 
articulating arm CMM and the parallel CMM.  

In this article, the artefact, consist of some centers of 
spheres.  

The number of spheres, measurements of each sphere 
and dispositions of the physical constraints are ms nn ,  

and dn , respectively. The number of the parameters of 

CMM is pn . The number of parameters of transformation 
from coordinate system of physical constraints to world 
coordinate system is tn . 

When centers of spheres are calibrated in cn  dimensions, 

the number of equations is dmsc nnnn . The number of 

parameters is tdp nnn + . The parameters could be estimated 
in the case of 

tdpdmsc nnnnnnn +≥                                              (1) 
 The situation in (1) corresponds the calibration using 
calibrated artefacts. 

Meanwhile, when the centers of spheres are not 
calibrated, the coordinates of centers of spheres is regarded 
as zero. Then the number of parameters of transformation 
from coordinate system of physical constraints to world 
coordinate system is scnn . The parameters could be 
estimated in the case of  



scdpdmsc nnnnnnnn +≥                                       (2) 

2.  MODEL OF 2D PLANAR PALRALLEL CMM 

The models of 2D planar parallel CMM are shown in 
Fig.1 and Fig.2. 

In Fig.1, three linear stages are fixed on world 
coordinate system. The end-effecter is connected with three 
linear stages with each rigid connecting rod. When the end-
effecter moves to some position and rotates around a point 
of end-effecter, three linear stages moves and their 
movements are measured. 2D Planar parallel CMM in Fig.1 
has 14 kinematic parameters and three parameters of 
coordinate transformation.  
 In Fig.2, three fixed points in world coordinate system 
and the end-effecter is connected with the extract and 
contract arms. When the end-effecter moves to some 
position and rotates around a point of end-effecter, three 
arms extract or contract. Then the lengths extracted or 
contracted are measured.  2D Planar parallel CMM in Fig.2 
has 11 kinematic parameters and three parameters of 
coordinate transformation.  

 

3.  ARTEFACTS AND PARAMETERS 

 In this paper, the artefact consists of two spheres. The 
number of disposition of the artefact is one. 

3.1. Parameters of CMM with linear stages and 
calibrated artefact 

The kinematic parameters in CMM with linear stages 
consist of the coordinates and directional angle of linear 
stages, the coordinates of fixed points connected with rods 
and the length of rods. The number of kinematic parameters 
is 14. In each measurement of sphere, the angle of the end-
effecter is added as the parameter of coordinate 
transformation. So, the number of parameters of coordinate 
transformation is msdm nnnn 222 +=+ . The number of 

equations is mdmsc nnnnn 4= .  From (1), 

mm nn 2164 +≥ . At each sphere, 8 times measurements 
are necessary to calibrate the kinematic and coordinate 
parameters.  

3.2. Parameters of CMM with linear stages and not 
calibrated artefact 

In this situation, the number of equation and kinematic 
parameters is identical to the case of 3.1. 

However, the number of parameters of coordinate 
transformation is different. In this case, the position of the 
sphere is not calibrated, then the coordinates of the center of 
spheres are regarded as (0,0). Therefore, the number of 
parameters of coordinate transform is 

msdmdsc nnnnnnn 24+=+ . From (2), 

mm nn 2184 +≥ . At each sphere,  9 times measurements 
are necessary to calibrate the kinematic and coordinate 
parameters. 

 

3.3. Parameters of CMM with extract and contract 
arms and calibrated artefact 

The kinematic parameters in CMM with extract and 
contract arms consist of the coordinates of the fixed points 
of the basement, the coordinates of fixed points connected 
with arms and the initial length of arms. The number of 
kinematic parameters is 11. In each measurement of sphere, 
the angle of the end-effecter is added as the parameter of 
coordinate transformation. So, the number of parameters of 
coordinate transformation is msdm nnnn 222 +=+ . The 

number of equations is mdmsc nnnnn 4= . From (1), 

mm nn 2134 +≥ . At each sphere, 7 times measurements 
are necessary to calibrate the kinematic and coordinate 
parameters.  

Fig.2. Model of 2D planar CMM with extract and contract 
arms 

(X1,0) (0,0) X

Y 

R1 

//X 

(0,v2) 

B1 
B3 

B2 

R2 

(X2,Y2) 

 

(u1,v1) 

(u3,v3) 

u 

v 

Fig.1.  Model of 2D Planar CMM with linear stages 
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Fig.3 calibration result with two 
sphere artefact 

 

3.4. Parameters of CMM with extract and contract 
arms and not calibrated artefact 

In this situation, the number of equation and kinematic 
parameters is identical to the case of 3.3. The number of 
parameters of coordinate transformation is identical to 3.2. 

Therefore, from (2),  mm nn 2154 +≥ . At each sphere,  
8 times measurements are necessary to calibrate the 
kinematic and coordinate parameters. 

 

4. SIMULATIONS  

4.1. Procedure 
At first, the kinematic parameters are determined. The 

sphere is settled at nine calibrated locations in measuring 
area.  Then, the coordinates of 9 spheres are measured in 
some different orientations of CMM and probe.   

At second, two spheres are extracted as the artefacts 
from nine spheres. So, )36(29 =C  artefacts are generated. 
The sensor data of selected spheres are also extracted for 
calibration measurement. These data are called as calibration 
data. The other data are used for estimation of calibration 
result. These data are called as reference data. 

At third, the kinematic parameters and coordinate 
parameters are estimated by least-squared method using the 
calibration data. The locations of all spheres are calculated 
using the estimated kinematic parameters and sensor data. 
The difference between the calculated location of spheres 
and calibrated location of those shows how the kinematic 
parameters are calibrated. 

 

4.2. Condition 
In this paper, there are three fixed points in basement. 

They are expressed as (0,0),(15,0) and (7.5,13) in world 
coordinate system. There are three points in the end-effecter. 
They are expressed as (-1.5, 2/3 ),(1.5, 2/3 ) and 

(0, 3 ) in the end-effecter coordinate system. The probing 
point is (0,0) in the end-effecter coordinate system. 

CMM in Fig.1 has three rod length, (7,7,7) as the 
additional parameters and three directional angles of linear 
stages, (30,150,-90), to x-axis in world coordinate system. 

 

4.3. Estimation of kinematic parameters with calibrated 
artefacts 

In this case, as the position of the spheres in the artefact 
is calibrated, the kinematic parameters are calibrated based 
on the calibrated coordinates, ia , which are calibrated in the 
artefact coordinate system. 

When the matrix transforming the artefact coordinate 
system to world coordinate system is AWT , the rotational 

matrix around probing point is ( )ji,ϕR  and  the coordinates 

of the joints of the end-effecter is ku , the coordinates of the 

joints of the end-effecter, kji ,,U , is expressed as (3) in world 
coordinate system. The j means j-th measurement result. 

( ) iAWkjikji aTuRU += ,,, ϕ                                      (3) 
In the case of CMM with linear stages, when the fixed 

point of the linear stages is kx , the directional angle of 

linear stages is kθ and the sensor information is kjis ,, . The 

points on stages, kjj ,,X , is expressed as (4) in the world 
coordinate system. 

( )
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+=

1
0

,,

,,

kji

kkkji

s
θRxX                                      (4) 

kkjikji L=− ,,,, XU                                                    (5) 

From (5), the kinematic parameters could be estimated 
using least-squared method. 

In the case of CMM with extract and contract arms, the 
distance between joints is kkjis +,, , k  is the offset of 
sensor. 

kkjikkji s +=− ,,,, xU                                            (6) 

From (6), the kinematic parameters could be estimated 
using least-squared method. 

 

4.4. Estimation of kinematic parameters with not 
calibrated artefacts 

In this case,  as the position of the spheres in the artefact 
is not calibrated, the calibrated coordinates of sphere is 
regarded as 0  in the artefact coordinate system, and the 
vector transforming the artefact coordinate system to world 
coordinate system is iV  . 

From (3), the coordinates of the joints of the end-effecter, 

kji ,,U  is expressed as (3)’. 

( ) ikjikji VuRU += ,,, ϕ                                            (3)’ 
The other equations are similar to those in 4.3.  The 

kinematic parameters could be also estimated using least-
squared method. 

 

4.5. Results 
Fig.3 shows the 

example of result, in 
which the planar CMM 
with extract and contract 
arms is kinematically 
calibrated with the 
calibrated artefacts. From 
Fig.3, it is proved that 
when the artefact is 
settled at whiter area, 



CMM is successfully calibrated.  

5.  POSITION OF ARTEFACT 

In 4., it is proved that 2D parallel CMM is kinematically 
calibrated. In order to investigate which location is better for 
self-calibration, two locations of the artefact are selected 
from Fig.4. 

 
Fig.5 shows which combinations of two spheres work as 

the artefact, s.g., the kinematic parameters of 2D parallel 
CMM is calibrated successfully. When two locations are 
selected in upper-right area, the kinematic parameters are 
not calibrated.  

In order to avoid that two locations are near, the 
candidates of locations are divided into two groups as shown 
in Fig.6. 

 
Fig.7 shows which combination of two spheres work as 

the artefact as shown in Fig.5. 

 

6.  CONCLUSIONS 

2D parallel CMMs are considered. The model of 2D 
parallel CMM, the artefact and calibration process are 
discussed.  

In 2D parallel CMM, especially, two types of CMMs are 
handled. One is CMM with linear stages and the other is 
CMM with extract and contract arms. In both cases, the 
calibrated artefact and not calibrated artefact are formalized. 

Fig.6 Candidates of sphere artefact 

Fig.4 candidates of sphere artefact 
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Fig.5 Result of kinematic calibration 

Fig.7 Result of kinematic calibration 



In the combination of two types of parallel CMMs and 
two types of artefacts, the kinematic calibration process is 
simulated. 

It is proved from a series of simulation how dependent 
the allocations of spheres are on the CMM types and the 
artefacts. 
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